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Abstract

Injective parameterizations of surface meshes are vital for many ap-
plications in Computer Graphics, Geometry Processing and related
fields. Tutte’s embedding, and its generalization to convex combi-
nation maps, are among the most popular approaches for computing
parameterizations of surface meshes into the plane, as they guaran-
tee injectivity, and their computation only requires solving a sparse
linear system. However, they are only applicable to disk-type and
toric surface meshes.

In this paper we suggest a generalization of Tutte’s embedding to
other surface topologies, and in particular the common, yet un-
treated case, of sphere-type surfaces. The basic idea is to en-
force certain boundary conditions on the parameterization so as to
achieve a Euclidean orbifold structure. The orbifold-Tutte embed-
ding is a seamless, globally bijective parameterization that, simi-
larly to the classic Tutte embedding, only requires solving a sparse
linear system for its computation.

In case the cotangent weights are used, the orbifold-Tutte embed-
ding globally minimizes the Dirichlet energy and is shown to ap-
proximate conformal and four-point quasiconformal mappings. As
far as we are aware, this is the first fully-linear method that produces
bijective approximations to conformal mappings.

Aside from parameterizations, the orbifold-Tutte embedding can be
used to generate bijective inter-surface mappings with three or four
landmarks and symmetric patterns on sphere-type surfaces.

CR Categories: 1.3.5 [Computer Graphics]: Computational Ge-
ometry G.1.6 [Numerical Analysis]: Optimization;

Keywords: Tutte embedding, convex combination map, discrete
harmonic, conformal maps, injective parameterization

1 Introduction

Mesh parameterization is a central research topic in computer
graphics and geometry processing. Only a few algorithms are guar-
anteed to produce injective parameterizations that are also globally
optimal in some well-defined sense. The main approach known
to provide such a guarantee is Tutte’s embedding [Tutte 1963],
and its generalization to convex combination maps (CCM) [Floater
2003a]. One of the attractive properties of CCM is its computa-
tional simplicity: it only requires solving a sparse linear system
in order to compute the parameterization. However, CCM is cur-
rently limited to injective parameterizations of disk-type and toric
surfaces, leaving the arguably most common case of spherical sur-
faces untreated.

Figure 1: An example of the orbifold-Tutte embedding: a globally
bijective mapping of a sphere-type surface (top-left) to a sphere-
type Euclidean orbifold (bottom). In the orbifold, boundaries of the
same color are topologically identified. Four points on the surface
(shown as colored spheres, top-left) are mapped to the four cone
singularities of the orbifold (colored disks, bottom). As in this case
the orbifold has four cones, each of angle 7, and they are placed
on the integer grid, the embedding is also a quadrangulation, as
shown on the top-right.

The goal of this paper is to introduce the orbifold-Tutte planar em-
bedding, a generalization of Tutte’s embedding and CCM to other
topologies, and in particular spheres. The orbifold-Tutte embed-
ding bijectively maps the original surface to a canonical, topologi-
cally equivalent, two-dimensional flat surface with cone singulari-
ties, called a Euclidean orbifold (i.e., a pillow-like surface).

The orbifold-Tutte embedding is computed by first cutting the orig-
inal surface into a topological disk, and second, similarly to CCM,
setting the target vertex positions in the plane via two discrete har-
monic functions. The new addition is a set of specific boundary
conditions that ensure that the target domain is one of the Euclidean
orbifolds. The fact that Euclidean orbifolds can be tiled to cover the
plane is used to prove the resulting map is a global bijection.

In addition to bijectivity, the orbifold-Tutte embedding has the fol-
lowing desirable properties: 1) It can be interpreted as a seamless
homeomorphic mapping of the original surface to one of the Eu-
clidean orbifolds; 2) It is guaranteed to exist and to be computable
via a sparse linear system; 3) For symmetric convex combination



weights that approximate the Laplace-Beltrami operator, such as
the cotan weights [Pinkall and Polthier 1993], the embedding glob-
ally minimizes the Dirichlet energy; For orbifolds with three cones
it therefore approximates the conformal mapping, and for orbifolds
with four cones it approximates a conformal mapping composed
with a global affine transformation. As far as we are aware, this
method is the first to provide a bijective approximation to confor-
mal mappings computable via a linear system.

A limitation of our approach is that it is limited to Euclidean orb-
ifolds as target domains, which means that only specific cone singu-
larities can be used; for spheres there are four possible cone struc-
tures with 3-4 cones.

Numerical experiments demonstrate that the orbifold-Tutte embed-
ding can be used for efficient computation of bijective, conformal,
and seamless parameterizations of large models; see for example
Figure 1. Additionally, we show these parameterizations can be
used for efficient computation of 4-point bijective quasiconformal
mappings between general sphere-type surfaces, and to construct
symmetric patterns on surface meshes.

2 Previous work

Tutte’s embedding Tutte’s embedding [Tutte 1963], later gener-
alized to convex combination maps [Floater 2003a], yields globally
injective mappings into the plane by solving a linear system. We
briefly review this method at the beginning of Section 3; it is appli-
cable solely for disk-type meshes, and was generalized to the toric
case and certain disks with holes in [Gortler et al. 2006]. The toric
case is also proved in [Lovdsz 2004]. Generalizations to the spher-
ical case are usually non-linear [Gotsman et al. 2003] and are not
guaranteed to be feasible. Other embeddings of toric and spher-
ical graphs have been discussed in [Castelli Aleardi et al. 2014;
Kobourov and Landis 2007].

Conformal parameterizations Approximating conformal pa-
rameterizations of surfaces lies in the focus of the parameteriza-
tion literature (see [Sheffer et al. 2006; Floater and Hormann 2005]
for surveys). [Lévy et al. 2002; Desbrun et al. 2002] provide a lin-
ear method for approximating conformal parameterizations of disk-
type surfaces with free boundaries. [Gu and Yau 2003] generalize
to higher genus by considering a pair of discrete harmonic one-
forms. These methods, however, are not guaranteed to be injective
(globally or per triangle). Non-linear methods are more flexible and
use a plethora of representations for conformal maps, e.g., target
vertex-positions [Hormann and Greiner 2000], angle space [Sheffer
et al. 2005], conformal factors [Springborn et al. 2008; Ben-Chen
et al. 2008; Sun et al. 2014], and circle patterns [Kharevych et al.
2006]. [Tsui et al. 2013] compute a parameterization of a sphere-
type surface to a hyperbolic orbifold using the method of [Spring-
born et al. 2008]. [Kazhdan et al. 2012] compute a curvature-flow
which converges to a conformal mapping to the sphere. The gen-
eral shortcoming of non-linear methods is that usually there is no
guarantee to obtain a feasible solution, or, if a solution is found, it is
not guaranteed to be locally/globally injective, and is not the global
minimum of the energy.

Cone manifolds Mapping surfaces to flat cone-manifolds has
recently become popular in the context of quadrangulations [Ray
et al. 2006; Bommes et al. 2013a]. The mapping is usually com-
puted by one of the following related constructions: flattening the
surfaces while relating boundary edges with integer-grid-preserving
transformations [Bommes et al. 2013b], integrating two discrete
harmonic one forms with a certain singularity structure [Tong et al.
2006], or using a branched covering of the surface [Kilberer et al.
2007]. The emphasis is put on reducing the conformal and isomet-

ric distortion [Myles and Zorin 2012; Myles and Zorin 2013]. In
this context, two of the four sphere-type Euclidean orbifolds en-
able quadrangulations of spherical meshes, as shown for example
in Figure 1. In general, the Euclidean orbifolds allow 2,3,4, and
6-symmetric parameterizations; that is, bijective parameterizations
that conform to symmetric fields of the same order [Palacios and
Zhang 2007; Ray et al. 2008; Knoppel et al. 2013].

3 Preliminaries and approach

We denote by M = (V,E, T) an oriented 3-connected disk-type
triangular surface-mesh with n = | V| vertices and a positive weight
w;; > 0 associated to every half-edge e;; € E. We denote its
boundary vertices by V.

A piecewise-linear function x : M — R is represented by assign-
ing a value per vertex x; = x(v;), v; € V encoded in a vector
X = [z1,22,...,%,] € R™™, and linearly interpolating over each
triangle. A discrete harmonic function is defined by the following
set of linear equations constraining the value at each vertex to be a
weighted mean of the values at its neighbours:
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where N; indicates the set of neighbor vertices to v; € V.

Discrete harmonic functions are often used to map a disk-type mesh
M to the plane. This is done using two discrete harmonic functions
that define a map, ® = («, y)T : M — R2, represented as the
matrix

X 2Xn
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Namely, ® is required to satisfy (1) for both x and y,
Z Wij ((I)Z — @j) =0 (2)
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where ®; = [z, ;] is the i*" column of @, and here and after 0
denotes the vector/matrix of zeros in the suitable dimension.

A mapping P satisfying (2), i.e., discrete harmonic in each of its
coordinates, is called a convex combination map (CCM). In case
the images ®; of boundary vertices v; € JV are constrained to ver-
tices of a convex planar polygon, a convex combination map P is
guaranteed to be a global bijection, as proved by Floater [2003a].
Floater’s result is a generalization of the classical result by Tutte
[1963] that showed how to realize a planar graph by solving a sys-
tem of equations similar to (2).

In the case of a toric surface mesh, M, Gortler et al. [2006] and
Lovész [2004] prove that if M is 3-connected then integrating two
non-degenerate independent discrete harmonic one-forms of M on
a disk-type sub-mesh M of M also results in a globally bijective
mapping, where a discrete harmonic one-form 7 is an assignment
of a value 7;; per half-edge that satisfies 7;; = —n;; and is closed
and co-closed. This flattening utilizes the fact that the plane is the
universal cover of the torus [Gu and Yau 2003].

This does not address the spherical case: in contrast to a disk, a
sphere is not homeomorphic to any subset of the plane , and hence
cannot be mapped without introducing discontinuities to the map,
and unlike the torus its universal cover is the sphere again - so
how can one construct a Tutte-type embedding in this case? As
it turns out, adding cone singularities allows mapping the sphere to
a sphere-type flat surface called a Euclidean orbifold, denoted O.
The special symmetry properties of the Euclidean orbifolds yield a
simple construction of globally bijective discrete harmonic embed-
dings of the sphere.



Figure 2: The orbifold-Tutte framework: David’s bust is cut open
through the three cone singularities and embedded to a tile in the
plane. This tile represents a sphere-type Euclidean orbifold struc-
ture, upon identifying the two sides of the cuts (colored with the
same color). The orbifold symmetry enables gluing copies of the
tile to cover the plane: this is the property that ensures the map is
globally bijective.

Before providing an exact definition of a Euclidean orbifold, let
us start with a motivating example: Figure 2 shows a tiling of the
plane (bottom) using a basic tile (top-right). This tile is the injective
parameterization of David’s head computed by our method, after
cutting the mesh into a disk (cuts visualized as colored curves, top-
left). Although the tile is a disk, once its boundaries are identified
according to the original topology of the uncut mesh (i.e., bound-
aries with the same color are “glued back together”) it also defines
a topological sphere. This topological sphere is an example of a
Euclidean orbifold: It is flat everywhere, that is, each vertex has
an angle sum of 27, except for a few special vertices (marked as
colored points) where there are cone singularities. At a cone singu-
larity the total angle sum differs from 27; for example, at the yellow
cone-singularity the angle-sum is 7/2, i.e., its 1-ring is mapped to
only a quarter of a circle. Note that the purple cone singularity ap-
pears twice in the orbifold’s tile with a total angle sum of 7, and
that every boundary vertex which is not a cone is regular and has an
angle sum of 27 in the "uncut” topology. Therefore in this example
there are exactly three cone singularities with angles 7 /2, 7, 7 /2.

The resulting embedding has three key properties:

1. Boundaryless: The cuts on David’s head are used for the
computation of the map, however the final map is indifferent
to their particular choice.

2. Harmonicity: This mapping is discrete-harmonic at all ver-
tices except at the cone vertices. That is, each vertex is at
the weighted mean of its neighbours on the glued mesh (the
tiling).

3. Global injectivity: The special symmetry properties of the
Euclidean orbifold, which ensure that the tile representing the
orbifold can be used to tile the plane, will be the key for prov-
ing that this parameterization is globally injective.

4 Method

The orbifold-Tutte embedding ® : M — O will be realized by
three steps:

1. Deciding on the placement of the cone singularities at vertices
of M according to user-input.

2. Cutting M through the cone vertices to achieve a disk-type
surface M (as in Figure 2, top-left).

3. Solving a sparse linear problem to obtain the discrete har-
monic parameterization ® : M — R? of M to a planar orb-
ifold tile that realizes the conceptual mapping of the uncut
mesh to the orbifold ® : M — O.

The main focus is on Step 3. The idea is to define ¢ by solving
the regular CCM equations (2) but to modify them at the boundary
vertices so as to account for the orbifold structure: first, we map
the cone vertices to certain fixed locations in the plane. Second, we
require that the two sides” of each cut are rotated copies of one-
another, where the rotation angle is decided according to the cone
singularities (e.g., at Figure 2, the two sides of the red cut are iden-
tical up to a /2 rotation). This ensures the resulting embedding is
indeed tileable. Third, we require that each boundary vertex that is
not a cone also satisfies the convex combination property once the
mesh is glued back together, i.e., in the tiling.

We begin by exploring the different sphere-type Euclidean orbifolds
and their cone singularity structure. We then move to providing the
full details to Steps 2 and 3.

Euclidean orbifolds and cone singularities Euclidean orb-
ifolds are two dimensional flat surfaces (i.e., with zero curvature
everywhere) with cone singularities. The Euclidean orbifolds are
in one-to-one correspondence with the 17 wallpaper groups [Con-
way et al. 2008]. A wallpaper group is a group of isometries of the
Euclidean plane (translations, rotations, reflections, and their com-
positions) that contains two translations in independent directions
T, T2 € RQ.
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Figure 3: The basic tiles (top) and cone angles of the four different
sphere-type Euclidean orbifolds.

Euclidean orbifolds are defined to be the quotient of the plane R?
by the corresponding wallpaper group. That is, the orbifold O =
Og = R?/G, corresponding to a wallpaper group G, has one point
per orbit of G, where an orbit of a point p € R? is an equivalence
class defined by [p] = {g(p)|g € G}. A Euclidean orbifold can be
used to tile the plane (using actions from the group G) after it is cut
through its cones to a topological disk. We refer to such a disk as a
tile of the orbifold. Note that the tile of an orbifold is not unique, as
atile can be seen as a choice of a representative member from each
orbit, i.e., p* € [p].

We focus mainly on sphere-type orbifolds (although we will
demonstrate embeddings to topologically different Euclidean orb-
ifolds as well in Section 6). There are in total four types of sphere-
type Euclidean orbifolds that are created from four different wall-
paper groups and differ in their number of cones and their angles.
For example, Figure 2 maps David’s head to an orbifold with cone
angles {7/2, 7, w/2} which can be imagined as a triangular pillow.

An instructive way to enumerate the possible cone singularities of
sphere-type Euclidean orbifolds is to consider the angle deficit at
the cones

0; =21 — ©; 3)

where ©; is the cone angle of the j M cone singularity. Since a tile
of the orbifold can be used to tile the plane, a necessary condition
is that the cone angles will each satisfy

0= 1" “)

where k; > 2 is a positive integer. Considering the Gauss-Bonnet
theorem for cone manifolds [Schwartz 2011] we get that

Z 0; =2mx(0) =4nr (5)
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where we used the fact that the Euler Characteristic of a sphere
is 2. All possible cone angles {©1, O, ...} that satisfy (4) and
(5) indeed exhaust the cone structures of all Euclidean sphere-type
orbifolds. We identify each sphere-type orbifold via its cone sin-
gularity structure (number of cones and their angles) and represent
the orbifold using one of its tiles in the plane, namely the one in
which the cone-singularity points are connected by straight lines.
‘We name this particular choice of tile the basic tile. This is summa-
rized in Figure 3. Note that the cone singularities dictate the angles
of the basic tile. Each of the basic tiles defines the target domain of
the parameterization to be constructed ® : M — R2.

We shall denote by C = {01, 2,..,0:} C V, I € {3,4} the set
of three or four vertices of the mesh M that will be mapped to the
cones of the chosen target Euclidean orbifold in Figure 3.

Cutting to disk topology In the next step we cut the sphere-type
input mesh M to a disk M by cutting along edges between the cone
singularity vertices v1 — U2 — --- — Ur. As we later show,
the particular choice of this cut has no affect on ® for types (3),
(i), (i3t). For type (iv) any choice of homotopic cuts will re-
sult in the same ®. That is, the output of the algorithm only de-
pends on the choice of cone singularities. However, note that dif-
ferently from the orbifold mapping ®, the mapping of the cut mesh
to the plane ® does change according to the cut. We denote by
C ={v1,v2,.,u5} CV,J € {4,6} the duplicated cone singular-
ities in the cut mesh M.

Formulating the linear system We construct a sparse square lin-
ear system
Avec(®) =0 (6)

with A € R?"*2" p ¢ R*™*! and vec(®) € R***! is the col-
umn stack vector of the unknown matrix & € R?*" defining the
orbifold-Tutte parameterization ® : M — R?. The linear system
(6) is constructed by putting together three sets of linear equations
as follows.

First, for all interior vertices v; € V '\ 9V we set the standard dis-
crete harmonic equation as in (2),

JEN;

The second set of e%uations deals with the cone-singularity vertices
ve € C. Let 8¢, @5, ..., <I>§ be the cone positions of the orbifold
basic tile as shown in Figure 3 (visualized as colored dots). We set
the following positional constraints

D), = B, (8)

for k = 1,..,J. Note that for orbifolds of type (i), (i¢), (¢¢3) the
target cone positions ®¢ can be chosen up to an arbitrary global
similarity transformation, while for type (iv) they can be chosen up
to a non-degenerate affine transformation, that is, any parallelogram
can be chosen as the basic tile of the type (iv) orbifold instead of
the one picked in Figure 3.

In the last set of equations we deal with boundary ¢
vertices that are not cones v; € 9V \ C. Each such
vertex has a twin vertex v, in the other copy of CDi. R
the cut (i.e., v;, vy correspond to the same vertex \ vt
in the uncut mesh M), and a rotation R;/; relating o %
them (according to the cone singularity), as shown ~ ¥ v
in the inset for a type (¢) orbifold. For each such pair v;, v;; we set
the following two equations

Z wij (B — @j) + Z wiry Ryri (@i

JEN; jGNi/
Riv; (<I>i/ - q)i) - (@i - @i) =0 (9b)

—2;)=0 (%)

where vy, is the joint cone vertex of v;, v;/, see inset again for an
illustration. Intuitively, the first equation ensures that ¢ will have
the convex combination property across the boundary, that is, the
”glued” tiling is discrete harmonic also at vertices on the cut. The
second equation makes sure that both copies of each cut are identi-
cal up to a rotation.

Combining equations (7),(8),(9) we construct A, b in (6). Solv-
ing (6) for @ defines the piecewise-linear parameterization
® = (2,9)” : M — R? mapping M to an orbifold tile in the plane.
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Figure 4: The seamlessness of the embedding: (a) two embeddings
computed for different cuts are identical up to a transformation R;;
of triangles across the cut. (b) modifying the cuts in Figure 2 yields
a different parameterization ®, however it yields the exact same
tiling and as a result the exact same orbifold embedding ®.

5 Properties

We prove correctness of the algorithm presented in Section 4,
namely proving that ® : M — R? is globally injective and that it
induces a boundaryless homeomorphism ® : M — . We further
discuss how the orbifold-Tutte embedding can be used for approxi-
mating conformal maps.

Definition of ® and its boundaryless property Let us first de-
fine ® : M — O given ® : M — R?. The orbifold O is constructed
from orbits [p], p € RZ; that is, every point in O is identified with
an orbit of the group G. Denote by 0 : R* — O the map defined
by o(p) = [p]. Let p € M be a point on the uncut mesh, let p € M
be a point on the cut mesh which is one of the copies of p after the
cutting of the mesh has been performed (if p is away from the cut
then there is only one copy p; if it is on the cut then it is duplicated
into two copies). Now, define the mapping of the uncut mesh to
the orbifold as ®(p) £ o(®P(p)). To see that d is well defined for
points on the cut which are duplicated in the cutting process, note
that any other copy p’ € M of p will produce ®(p’) in the same
orbit of ®(p) due to (9b).

To explain the boundaryless property, we use the notion of cut ho-
motopy (see [Aigerman et al. 2015]), defined by changing the cut
one triangle at a time and without causing self-intersections. We
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Figure 5: Tiling the plane with the basic orbifold tiles from Figure
3. In light green we show the torus covered with the basic tiles.

claim that two homotopic cuts will always produce the same orb-
ifold embedding map ® : M — . Indeed, consider a solution
® to (6) as shown in Figure 4a, left, and consider the orange trian-
gle lying on the boundary. Moving this boundary triangle using the
relevant transformation R;/; will create a new solution of (6), ®’
(Figure 4a, right) for a new cut-mesh, M’, which is M cut to a disk
with a different, homotopic cut.

As we show in the next subsection, Eq. (6) is non-singular and
therefore @’ is the unique solution to it, entailing that had we cho-
sen a different cut resulting in M’ and then solved (6), we would
have gotten exactly ®’. This procedure of homotopically moving
triangles can be repeated to build a solution @’ of (6) to any homo-
topic cut of M. Since we modified the embedding using transfor-
mations from the group G, for every p € M and its copy p € M, we
have that ®” (p) will differ from ®(p) by an element of the group
G. Therefore, " (p) and ®(p) will both reside in the same orbit of
G and o(®"(p)) = o(®(p)). This implies that " = ®. Indeed,
in Figure 4b we have arbitrarily modified the cuts on David’s head,
shown in Figure 2, and recomputed the embedding. Although the
embedding @ is different, it still induces the same tiling as in Figure
2 and as a result the same orbifold embedding &.

For three cones on the sphere all cuts are homotopic so in this case
the result is independent of the cut choice. For four cones, there
exist non-homotopic cuts and therefore the algorithm will produce
the same orbifold embedding only for cuts that are homotopic.

Globally injective mapping We prove that the linear system (6)
has a unique solution and that this solution leads to a globally injec-
tive mappings ® : M — R? and consequently a homeomorphism
® : M — O. We first show that the constructed linear system has a
unique solution, by showing its matrix is non-singular:

Theorem 1. The matrix A in (6) is non-singular.

The proof of the theorem is technical and is given in Appendix A.
We now consider the unique solution @ to Eq. (6), and prove that
® : M — R? is injective.

Theorem 2. A discrete harmonic mapping ® : M — R? of a 3-
connected disk-type mesh M satisfying the sparse linear system (6)
is globally injective.

Proof. Equations (8), (9b) imply that the cones of M are mapped
to the cone points of a basic tile (see Figure 3 for sphere-type ba-
sic tiles) and images of twin boundary vertices in M (i.e., bound-
aries that originated from a single cut in M) are related by rota-
tions which are fixed according to the cone angles (the rotations are
shown using black arrows in the basic tiles in Figure 3).

For any element g € G, we denote by 9 = g o  the composition
of ® with the transformation g. We also make a copy M? of M
for every g € G. We say two copies MY, M" are neighbors if
the basic tiles corresponding to ®9(M¢), ®"(M") share an edge;
Figure 5 shows the tiling of the plane using the basic tiles from
Figure 3. If MY, M" are neighbors they share a boundary segment
corresponding to that basic edge.



Every wallpaper group G is a semi-direct product G = T x O of
a translation group T = (71, 72), generated by two independent
translations 71, 72 € R?, and a point group O (discrete subgroup of
the orthogonal transformation group). A semi-direct product means
that every transformation g € G can be written uniquely as ¢ o R,
where ¢t € T atranslation and R € O an orthogonal transformation.

Consider all copies M%7 corresponding to elements of the point
group, g; € O and stitch neighboring copies along common
boundary edges. Denote the resulting disk-type surface M. We
define the map P q M — R? by mapping each vertex
vi € M% C M according to ®% (v;). Now, by the de-
composition G = T x O we know that the boundary edges
of ®aq(M) can be identified using only translations from 7.
This allows to consider M to be a disk submesh
of a torus (as shown in the inset), and ® a4 a piece-
wise linear parameterization of it to the plane. Fig-
ure 5 shows in light green examples of the pla-
nar image of this disk submesh of a torus, i.e.,
D aq (M), for the basic orbifold tiles of Figure 3.

So far we have a mapping ® a4 of a disk submesh of a torus to the
plane. To finish the proof we need to show ® a4 is a non-degenerate
(i.e., its image is not a point or contained in a line) convex combi-
nation map. The non-degeneracy is clear from the boundary condi-
tions (8). Eq. (7) ensures that each map ®% : M% C M — R?
satisfies the convex combination property at all interior vertices
of MY . Eq. (9a) ensures that the map ® 4 satisfies the convex
combination property at stitched boundaries of neighboring copies
M9 M9 and across identified boundaries of the torus. Lastly,
® a4 also satisfies the convex combination property at the center
cone in M (e.g., the center yellow point in Figure 5 and the inset
above) since at the cone we have the 1-ring neighborhood of the
relevant cone vertex in M duplicated and rotated by elements of a
point group. For example, in case of the type (¢) orbifold, the point
group contains rotations by 0, 7/2, 7, 3w /2. ® a4 therefore defines
two non-degenerate, independent discrete harmonic one-forms on a
torus, and in view of the above mentioned result by Gortler et al.,
[2006], ® a4 is globally injective, and therefore ®(M) = ®°(M*),
where e is the identity transformation, is globally injective as well.
This concludes the proof. O

The injectivity of ®, proven in Theorem 2, implies that & maps M
bijectively to some tile of the respective orbifold. Therefore, the
mapping ¢ = o0 o ® to the orbifold O is bijective. We summarize:

Theorem 3. Let M be a sphere-type mesh with a prescribed set of
three or four distinct vertices C C V. Let M be a 3-connected disk-
type submesh of M with the vertices C at its boundary. A discrete
harmonic mapping ® : M — R? of M satisfying the sparse linear
system (6) defines a homeomorphism ® : M — O, where O is a
sphere-type Euclidean orbifold.

We note that the above theorems are actually applicable to general
Euclidean orbifolds, not just sphere-type, and therefore can be used
to map other topologies than spheres. We discuss this shortly in
Section 6. Furthermore, note that taking the translational wallpaper
group 1" generates the toric embedding from Gortler et al., [2006]
and Lovasz [2004]; in that sense the orbifold-Tutte is a generaliza-
tion of the previous toric embeddings.

Approximating conformal mappings When the weights w;;
are symmetric, i.e., w;; = wj;, the mapping ® can be given a vari-
ational interpretation as a global minimizer of the convex quadratic

energy
1
E(®) =3 > wi || — @7, (10)

e;; EE

under the linear constraints (8), (9b).

Figure 6: Embeddings of the 4 orbifold types, with MVC weights.

An archetypal example (assuming the mesh M is intrinsic-
Delaunay) is to take w;; > 0 to be the well-known cotan weights
[Pinkall and Polthier 1993]. In this case, the above energy is the
Dirichlet energy of the piecewise linear mapping P,

Eo(@) =5 [ Vo, (an

It can be shown that minimizing (10) with the linear boundary con-
straints (8),(9b) is equivalent to solving the linear system (6). Since
all the injective piecewise linear maps ®’ that satisfy the boundary
constraints (8),(9b) have the same target area, Area(®(M)), that is
the area of the basic orbifold tile, the map ® can be seen as the one



Figure 7: Harmonic parameterizations of type (ii) and (iii) orb-
ifolds using cotangent weights.

globally minimizing the conformal energy
Ec(®) = Ep(®) — Area(®) (12)

among bijective maps from M to the orbifold O. For orbifolds of
types (2), (i), (44¢) (that have precisely three cones) this means that
® is approximating the unique conformal map taking vy, v2, v3 to
the cones of the respective orbifold. For the type (iv) orbifold we
get an approximation of a conformal map composed with a global
affine transformation. We show empirical results validating these
claims in Section 6.

6 Results

We now show results obtained by our method. We discuss mesh
parameterizations and show applications to inter-surface mappings,
symmetric fields on meshes, and extensions to other Euclidean orb-
ifolds.

6.1 Parameterizations

We have experimented with the orbifold-Tutte embedding for com-
puting seamless bijective parameterizations ® : M — O, with two
choices of weights w;;: mean value coordinates [Floater 2003b],
and cotangent weights [Pinkall and Polthier 1993].

Mean Value coordinates Figure 6 shows embeddings of four
sphere-type meshes to the four possible orbifold types (i)-(iv) us-
ing mean value coordinates (MVC). Since MVC is guaranteed to
generate positive edge weights, Theorem 2 guarantees all these pa-
rameterizations are injective. Note that the boundary of the target
image is non-convex.

Figure 8: Comparison of our method (bottom), to the classic Tutte
embedding onto a convex domain with fixed boundary (top and mid-
dle). Our method does not introduce strong angle distortion, as
opposed to the classic use of CCM.

Cotangent weights Figure 7 shows two orbifold-Tutte parame-
terizations using the cotan weights to type (¢4) and (i4¢) orbifolds.
As these orbifolds have exactly three cones the parameterization is
approximately conformal, as we have explained in Section 5.

Figure 8 compares two discrete harmonic mappings with fixed, arc-
length boundary conditions (top two rows) with our "boundaryless”
orbifold boundary conditions (bottom row). Fixing the boundary
greatly affects the parameterization and results in noticeable distor-
tion, e.g., at the head of the statue, as shown in the blowups. In the
orbifold embedding, the target domain can also be thought of as a
square, but since the image of the cuts is not explicitly constrained,
the distortion can be further reduced without any noticeable arti-
facts at the boundary.

Conformal maps As explained in

Section 5 using cotan weights leads to

approximations of conformal maps, as

shown in the inset. In Figure 9 we depict

the conformal distortion (blue for low,

red for high) of two orbifold parameter-

izations using cotan weights. The con-

formal distortion histograms show aver-

age conformal distortion below 1.05 that

implies a very good approximation of

true angle-preserving maps. Note that

the Bimba model is mapped to a type (4)

orbifold which has two cones with an-

gles /2 and a third cone with angle 7.

As expected, in the vicinity of the /2

cones the conformal distortion is higher, and will get concentrated
more locally at the cones as the mesh is refined. Indeed, Figure
10 depicts exactly this phenomenon: upon refinement, the distor-
tion becomes concentrated around the cones. Furthermore, as the
histograms show, the overall conformal distortion decreases, as ex-
cepted, toward the smooth conformal map with perfect conformal
distortion of 1 everywhere except at cone singularities.
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Figure 9: Embeddings of type (i) and (iii), colored according to
conformal distortion and with distortion histograms.
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Figure 10: Twwo embeddings of the same surface with the same pre-
scribed singularities. Once of the original mesh (left) and once of
a refined version (right). The embedding converges to a conformal
map.

Setting the affine degree of freedom for the type (iv) orbifold
The tiles of orbifolds of type (%), (i¢), (¢i7) are defined up to a
global similarity that does not change conformal distortion. Orb-
ifolds of type (iv) have four cone points and are defined up to a
non-degenerate affine transformation. When solving (6) we pick
one arbitrary instance fixed by our basic type (iv) tile (see Figure
3). Indeed, let ® be a solution to (6) with type (iv) boundary condi-
tions, and let L € R?*? denote an arbitrary linear transformation of
R2. Then, it can be verified that &' = L® is a solution to (6) when
<I>£ are replaced with L@g in Equations (8) and (9b). This is due to
the fact that rotations by 0, 7 (the only ones present in the type (iv)
orbifold) commute with L; therefore, L preserves both the bound-
ary conditions of the basic tile as well as the discrete harmonicity
of the tiling.

It is however rather simple to set this degree of freedom so as to
minimize the conformal distortion of the embedding. As advocated
in Section 5 we will choose the linear transformation that minimizes
the conformal distortion (12), also known as the least-squares con-
formal energy [Lévy et al. 2002]. Since E¢ is not scale invariant
(in fact, it can be seen as the square deviation of ® from satisfying
the Cauchy-Riemann equations) we cannot minimize E¢c over all
linear L as that would lead to the zero solution.

1.027

Figure 11: A type (iv) embedding, before and after computing the
global affine transformation to minimize the conformal energy of
the embedding.

Instead, we minimize it over the unit sphere:

mLin Ec (L®) (13a)

st. L% =1 (13b)

This optimization problem is solved by taking the eigenvector of
the 4 x 4 Hessian of the quadratic form Ec(L®) (as a function of
the entries of L) corresponding to the minimal eigenvalue.

Figure 11 shows two type (v) orbifold embeddings: Top row, the
original, “arbitrary” ®; and bottom row, after choosing the affine
degree of freedom according to (13). After applying this affine map
the conformal distortion histogram has shifted toward zero and pro-
duced average conformal distortion below 1.03. This result is con-
sistent with all examples we have tried. Throughout the paper, we
use this method when computing a type (¢v) orbifold embedding.

Comparison to CETM  Figure 12 shows a comparison with Con-
formal Equivalence of Triangle Meshes [Springborn et al. 2008],
where we reproduce an example from that paper: the Venus model
is mapped to a conformally-equivalent triangle mesh with a flat
metric and four cones of angle m. We reproduce this example by us-
ing the orbifold-Tutte embedding to a type (iv) orbifold, which has
this exact cone structure. Noticeably, the two parameterizations are
very similar. One difference is that the CETM produces a slightly
lower average conformal distortion while the orbifold-Tutte em-
bedding provides a lower maximal conformal-distortion (2.7, com-
pared to CETM’s maximal distoriton of 9.1). CETM minimizes a
convex energy over a non-convex domain and is not guaranteed to
produce a valid metric/parameterization. This is in contrast to the
linear orbifold-Tutte embedding that guarantees a bijective solution.
A drawback of the orbifold-Tutte method in comparison to CETM,
however, is that it can only handle a particular cone structure.

Symmetric patterns The orbifold-Tutte embedding enables gen-
erating symmetric patterns on the original surface mesh: Since the
orbifold is defined as the quotient of the plane by a wallpaper group,
if one chooses a symmetric pattern which is invariant to the wall-
paper group’s transformations, then pulling the pattern back results
in a seamless symmetric pattern on the surface (e.g., in Figure 1 we
show quads). In Figure 14 we show texturing with stripes (2-field)
using the type (iv) orbifold, and equilateral triangles (3-field) using
the type (7i) orbifold.



Figure 13: By embedding two meshes into the same orbifold, we can compute seamless bijective maps between a pair of surfaces, interpo-

lating the given 3 or 4 landmark constraints.
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Figure 12: Comparison of CETM [Springborn et al. 2008] (left) to
our method (right) in terms of conformality. The two embeddings
are very similar and yield similar distortion profiles, however ours
is obtained by merely solving a sparse linear system.

6.2 Surface-to-surface homeomorphisms

A useful application of the orbifold-Tutte embedding is comput-
ing inter-surface maps that are continuous, bijective, seamless, and
interpolate a set of three or four landmark positions. For three land-
marks the surface-map approximates the smooth conformal map
interpolating the landmarks, and for four points, the interpolating
extremal quasiconformal map.

The map f : M1 — Mz is constructed by mapping the two surfaces
to the same orbifold O, ® : M; — O and ¥ : My — O, taking
corresponding landmarks to the same cone of O, and defining the
map via f = ¥~ ! o ®. A similar approach for disks was taken in
[Weber and Zorin 2014; Aigerman et al. 2014]. A general approach

for seamless surface mappings was recently discussed [Aigerman
etal. 2015] however it is non-linear and can only guarantee reaching
a local minimum of the functional, and is much more computation-
ally expensive. Nevertheless, that method can handle an arbitrary
number of landmarks.

We show six maps computed using this method in Figure 13, all
of which are generated by four pairs of corresponding landmarks
(depicted as colored spheres) using the type (iv) orbifold. The map
is visualized by transferring a texture from the left surface to the
right. Note that since we use boundaryless embeddings to a com-
mon orbifold to construct the final map, up to the choice of the
homotopy class of the cut, it is not affected at all by the choice
of cuts (i.e., seamless). As exhibited in the mapping of the two
busts, although we can set only four pairs of landmarks, the result-
ing map has good extrapolation properties in low curvature areas.
It gracefully handles the mapping of the round sphere to the edged
Tetrahedron, as well as mapping the Igea bust to the Tet. The con-
formal nature of the resulting map is also well suited to mapping
highly non-isometric models such as the fish and bird. The map-
ping between the two humans exhibits the limitation of this method:
Although it manages to produce a very natural map in almost all
areas, using only four point constraints, the head is mapped incor-
rectly. Nonetheless, we believe the fact this method enables pro-
ducing low distortion surface maps at the small price of solving two
sparse linear systems will benefit algorithms which rely on search-
ing exhaustively through low dimensional spaces of maps, such as
RANSAC, or [Kim et al. 2011].

6.3 Other Euclidean orbifolds

Although the paper is focused on the spherical case, the orbifold-
Tutte embedding can be used as-is for other Euclidean orbifolds.
Figure 15 shows two parameterizations of a disk-type surface mesh
to two different disk-type Euclidean orbifolds: a square and a right-
angled isosceles triangle. In these cases, the orbifold is a topologi-
cal disc with a boundary, and each side of the boundary of the orb-
ifold is related to itself by a reflection in the group G. Therefore,
in this case the transformations R;/; (with i = 4) are reflections
across each edge of the triangle, that is constraining the vertices to
lie on the infinite line supporting the orbifold’s edge.



Figure 14: The orbifold-Tutte embedding can be used to create
symmetric patterns on surface meshes. Left: The wallpaper group
of the type (iv) orbifold enables seamlessly texturing the mesh with
stripes. On the right, the wallpaper group of the type (i) orbifold
enables seamlessly texturing the mesh with equilateral triangles.

The benefit in this embedding is that, in exception of the corners,
all other boundary vertices are free to move and the map is still
guaranteed to be bijective onto the target triangle or square.

We note that there are other disk-type Euclidean orbifolds that al-
low adding one or two cones inside the disk. The rest of the Eu-
clidean orbifolds have the topology of the annulus, the Klein bottle,
the M&bius strip, the real projective plane, and of course the torus
[Conway et al. 2008]. All of these can be used as target domains
for orbifold-Tutte embeddings. We strongly believe these will be
useful for parameterization applications in the future.

Timings The algorithm was implemented in Matlab. The compu-
tations were performed on a 3.50GHz Intel i7 CPU. Typical times
are: Parameterizing the lion-vase (39K vertices, 77K triangles) took
0.81 seconds, 0.59 of which spent on solving the linear system.
Parameterizing the chinese dragon (655K vertices, 1.3M triangles)
took 20 seconds, 19 of which were spent on solving the linear sys-
tem.

7 Conclusions

We have presented a generalization of the convex-combination em-
bedding to spheres. This results in seamless, globally injective pa-
rameterizations that approximate conformal mappings, and repre-
sent a bijection between the mesh and a Euclidean orbifold. The
embedding is computed by solving a sparse linear system.

The main drawback of this approach is the limited family of cone
structures that can be used. Basically, only cone structures for
which a Euclidean orbifold exists are valid for the method; in case
of a sphere, this gives four possible cone structures, with 3-4 cones.

Interesting future directions include generalizations to non-
Euclidean orbifolds which allow more cones to be set. Another in-
teresting research venue is using the 4-point maps for shape match-
ing applications. Lastly, we note that we have no formal proof that
the orbifold-Tutte embeddings converge to conformal maps (rather,
only quite convincing empirical evidence) and while a proof is out-
of-scope for this paper, we consider it important future work.

Figure 15: Two orbifold-Tutte parameterizations of a disk-type sur-
face to two different disk-type orbifolds: the square and the right-
angled isosceles triangle. Although the boundary vertices are free
to slide over the supporting line of their respective edge, the result-
ing embedding is guaranteed to be bijective.
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Appendix A
Proof of Theorem 1. First, note that A is built out of 2 x 2 blocks
All A12 Tt Aln
A2r Az oo Az
A= . . . .
An Az - Aun

where the blocks A;; € R?*? are proportional to the identity ma-
trix I, to a rotation R;s;, or to the zero matrix 0. To show that A
is non-singular we show that a different matrix A’ with the same
row span is non-singular. To build A’, for each pair of twin bound-
ary vertices (7,4’) in M we use (9b) to cancel ®;/ from (9a). This
transforms equations (9a) to

D o wis (B = Dy) + Y wir; &i— Y wiry Rin®y = (14)

JEN; jE./\/'Lv/ jENi/

where c stands for some constant defined according to the choice of
c

7.
To show that A" is non-singular we will use a result by Feingold
and Varga [1962] who generalized the theorem of non-singularity
of diagonally dominant matrices to block diagonally dominant. A
block matrix A is block diagonally dominant if for all ¢, A;; is non-
singular and

—1—1
AT =D 1Al (15)
J#i
where ||-|| can be taken as some arbitrary induced matrix
norm.  We choose ||| to be the matrix 2-norm, that is

|Aij|| = sup, || Az, / ||z]l,, where ||-]|, is the standard Eu-
clidean norm in R?. A block matrix A is block-irreducible if the
n X m matrix with || A || in the (i, /)" entry is irreducible, that is
represents a strongly connected directed graph. Feingold and Varga
proved that an irreducible block diagonally dominant matrix with
at least one strictly diagonally dominant block row (i.e., strict in-
equality in (15) for some ¢) is non-singular.

We would like to apply this theorem to A’. Before doing that let us
cancel all the variables ®;, k = 1, .., J by substituting Eq. (8) into
equations (7),(14). Now, all the block rows of A’ corresponding to
equations (7), (9b) and (14) are block diagonally dominant as de-
fined in (15). The block rows of (7) and (14) for which there exist
some v, € C, k =1,.., J in the neighborhood of v; or v;; are now
strictly block diagonally dominant. Furthermore, A’ is block irre-
ducible as explained next. We need to show that the directed graph
G corresponding to the matrix (||Ai;||)i; is strongly connected. The
nodes of G are in one-to-one correspondence with the vertices of M
excluding the cone vertices (i.e., V \ C). Therefore, we will identify
the nodes of G with the vertices of M. Equations (7) imply that

each node in the graph G corresponding to an internal vertex of M
is connected to all its neighbors; equations (14) and (9b) imply that
every node in G that corresponds to a boundary vertex in M is either
connected to all its neighbors and the neighbors of its twin vertex,
or connected just to its twin. Since M is connected (we assume here
M remains connected after removing all the cone vertices), G is a
strongly connected directed graph. Therefore, A’ is irreducible and
hence non-singular. This implies A is non-singular. O



